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INDEX OF SYMMETRY AND TOPOLOGICAL
CLASSIFICATION OF ASYMMETRIC NORMED SPACES.

M. BACHIR*, G. FLOREST

ABSTRACT. Let X,Y be asymmetric normed spaces and L.(X,Y) the
convex cone of all linear continuous operators from X to Y. It is known
that in general, L.(X,Y") is not a vector space. The aim of this note is to
give, using the Baire category theorem, a complete cracterization on X
and a finite dimensional Y so that L.(X,Y’) is a vector space. For this,
we introduce an index of symmetry of the space X denoted ¢(X) € [0, 1]
and we give the link between the index ¢(X) and the fact that L.(X,Y")
is in turn an asymmetric normed space for every asymmetric normed
space Y. Our study leads to a topological classification of asymmetric
normed spaces.

2010 Mathematics Subject Classification: 46B20; 54E52; 46A22.
Keyword, phrase: Asymmetric normed space, Index of symmetry, Baire
category theorem, Hahn-Banach theorem, Topological classification.

1. INTRODUCTION

An asymmetric normed space is a real vector space X equipped with a
positive, subadditive and positively homogeneous function ||-|x satisfying: for
allz € X, ||z|x = || —z|x =0 <= 2 = 0. (The difference between a classical
seminorm and an asymmetric norm, is that the equality | — z|x = ||z|x does
not always hold. An asymmetric norm is also called a quasi-norm in [2, 3] and
[15]). Every asymmetric normed space (X, || - |x) has an associated normed
space X, := (X, | - ||s) with the norm |z||s := max{|z|x,| — z|x}, for all
x € X. A linear operator T': (X, || -|x) — (Y, | - |y) between two asymmetric
normed spaces is called continuous if it is continuous with respect to the
topologies 7x on X and 7y on Y, induced respectively by the asymmetric
norms. The set of all continuous linear operators from X to Y is denoted by
L.(X,Y). The space of all linear continuous operators between the associated
normed spaces (X, | - ||s) and (Y, || - ||s) is denoted by L(X,,Ys). In the case
Y- ly) = (R,] - |r), where |t|]g := max{0,t} for all t € R, we denote
X’ := L.(X,R) called the dual of (X, ||-]), and X* := L(X,,Ry), the classical
topological dual of the normed space (X, || - ||s). For literature on asymmetric
normed spaces, linear continuous operators and their applications, we refer
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to [8, 9], [11], [2, 3] and [15]. Quasi-metric spaces and asymmetric norms
have recently attracted a lot of interest in modern mathematics, they arise
naturally when considering non-reversible Finsler manifolds [10, 5, 13]. For
an introduction and study of asymmetric free spaces (or semi-Lipschitz free
spaces), we refer to the recent paper [6].

The dual X" is formed by all linear continuous functionals from (X, || - |x)
to (R, || - |r), or equivalently, by all linear upper semicontinuous functionals
from (X, | -|x) to (R,|-|). In contrast to the usual case, the dual X” and
L.(X,Y) are not necessarily linear spaces, but merely convex cones contained
respectively in X* and L(X,Ys). This being said, there is no characterization,
in the literature, of the asymmetric normed spaces X for which L.(X,Y) is
also an asymmetric normed space. The purpose of this note is to give a
complete answer to this problem when Y is of finite dimensional (Corollary
1). It turns out that the answer to this question is linked to the “index of
symmetry” ¢(X,| - |x) of X that we introduce in this note. This index is
defined as follows (we will denote ¢(X) instead of ¢(X, || - |x) when there is
no ambiguity):

o(X):= inf | —2z[x €][0,1].

llelx=1

This index measures the degree of symmetry of the asymmetric norm || - |x.
It is clear that an asymmetric norm is a norm if and only if ¢(X) = 1. The
asymmetry of || - | x, increases according to the decrease of the index ¢(X).

The aim of this note is to prove that the case ¢(X) = 0 is exactly the
situation where the convex cone L.(X,Y) (in particular the dual X”) lacks
vector structure, for every asymmetric normed space Y which is not T (i.e. for
which there exists e € Y such that |e]y =1 and || — e|]y = 0, see Theorem 1).
In particular, we prove in Corollary 1 the following caracterization, when Y
is of finite dimensional: L.(X,Y’) is not a vector space if and only if ¢(X) =
c(Y) =0.

In consequence, from a topological point of view, the case where ¢(X) =0
turns out to be the only interesting case in the theory of asymmetric normed
spaces. Indeed, we prove in Corollary 3 that, (a) X” is a vector space, if and
only if, (b) (X, |- |x) is isomorphic to its associated normed space, if and only
if, (¢) L.(X,Y) is a vector space isomorphic to L(Xj, Y;), for every asymmetric
normed space Y, if and only if, (d) ¢(X) > 0. This means that the case where
¢(X) > 0, refers to the classical framework of normed spaces. The most
challenging implication is (a) = (b) and uses the Baire category theorem.
These statements are consequences of our first main result, Theorem 1. Our
second main result (Theorem 2) shows that an asymmetric normed space X
is a T} space if and only if its dual X” is weak-star dense in (X*, w*).
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Our study eventually leads to some topological classification of the asym-
metric normed spaces. There are three types of asymmetric normed spaces
given in the following definition.

Definition 1. Let X be an asymmetric normed space. We say that
(1) X is of type I if ¢(X) > 0 (necessarily a Ty space).
(i1) X is of type II if ¢(X) =0 and X is a Ty space.

(1i1) X is of type III if X is not a Ty space (necessarily ¢(X) =0).

Comments. From a topological point of view, asymmetric normed spaces of
type I present no new interest compared to the classical theory of normed
spaces, since these spaces are isomorphic to their associated normed spaces
and the same holds for their duals (see Corollary 3). Moreover, the class
of finite dimensional T; asymmetric normed spaces is contained in the class
of type I (see Theorem 3). Spaces of type II and III are the interesting
cases, since they differ from the framework of classical normed spaces. Spaces
of type III include finite dimensional spaces (for example, (R, | - |r)), while
spaces of type IT only include infinite dimensional spaces (see Proposition 4).

Briefly, the interest of asymmetric normed space theory, from a topological
point of view, concerns only the following cases:

(i) Infinite dimensional spaces which are Ty with ¢(X) = 0 (spaces of
type II).

(ii) Finite and infinite dimensional spaces X which are not 77 (spaces of
type III, necessarily ¢(X) = 0).

Types II and III (corresponding to the case of ¢(X) = 0) are exactly the
situations where the dual X’ is not a vector space. Moreover, an asymmet-
ric normed space X of type I will be always isomorphic to its associated
normed space and L.(X,Y) ~ L(X,,Ys) for every asymmetric normed space
Y. Examples illustrating the three types of spaces will be given at the end of
Section 4.3.

This paper is organized as follows. In Section 2, we recall definitions and
notation from the literature. In Section 3, we give basic properties of the index
of symmetry. In Section 4, we state and prove our main results (Theorem 1,
Corollary 3 and Theorem 2) and discuss some consequences. Finally, in Sec-
tion 4.3, we give the proofs of Theorem 3 and Proposition 4 which motivate
the aforementioned classification via the index of symmetry.

2. DEFINITIONS AND NOTION

In this section, we recall known properties of asymmetric normed spaces
that we are going to use in the sequel.

Definition 2. Let X be a real linear space. We say that || -|: X — R is an
asymmetric norm on X if the following properties hold.
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(i) For every A\ >0 and every x € X, ||\x| = A||z|.
(it) For every z,y € X, ||l +y| < ||| + ||yl
(t31) For every x € X, if ||z| = || — x| =0 then z = 0.

Let (X, - |x) and (Y,] - |y) be two asymmetric normed spaces. A linear
operator T : (X, | - |x) — (Y, - |yv) is called bounded if there exists C' > 0
such that

IT(x)|y < Cllz|x, Yz e X.
In this case, we denote |||, = supy, <1 [|T(z)|y. It is known (see [11,
Proposition 3.1]) that a linear operator T is bounded if and only if it is
continuous, which in turn is equivalent to being continuous at 0. Also, we
know from [11, Proposition 3.6] that the constant ||T'|r. can be calculated
also by the formula

[Tz, = sup [[T(z)ly.

x X:l
We can see that L.(X,Y) is a convex cone included in L(Xj,Y;) (see [11,
Proposition 3.3]) but is not a vector space in general. Note that for each
T € L.(X,Y) we have that

1T
where || - || 1., denotes the usual norm of L(Xj, Ys). The function |||z, defines
an asymmetric norm on L.(X,Y)N(—L.(X,Y)). Recall that in the case where
Y = (R, ||-|r), where ||t|z = max{0,t} for all t € R, we denote X* := L.(X,R),
called the dual of the asymmetric normed space X. The topological dual of
the associated normed space X := (X,| - ||s) of X is denoted X* and is
equipped with the usual dual norm denoted [|p[l« = sup, <1 (p;z), for all
p € X*. Note, from [11, Theorem 2.2.2], that the convex cone X’ is not
trivial, that is, X* # {0} whenever X # {0}. We always have that

X" c X* and ||p|+ < ||pls, for all p € X”.

L. <|7Tz.,

We say that (X, || -|x) and (Y, ]| - |y) are isomorphic and we use the notation
(X, ||1x) = (Y, ]|-]y), if there exists a bijective linear operator T': (X, ||-|x) —
(Y, |- |y) such that T and T~! are bounded.

3. INDEX OF AN ASYMMETRIC NORMED SPACE

We give the following properties of the index ¢(X) of an asymmetric normed
space X. Denote
Sx ={zxeX:|z| =1},
and

Sx ::{.TESX : H —$| 750}
It is not difficult to see that

Sx = Sx if and only if Vz € X, ||Jz| = 0 <= z = 0.
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Recall that a topological space X is called T; if for every pairs of points (z, y),
there exists an open set of X containing x and not containing y. It is known
that a topological space X is T} if and only if for every x € X, the singleton
{z} is closed. We have the following elementary propositions.

Proposition 1. Let (X, | - |x) be an asymmetric normed space. Then, X is
a Ty space if and only if Sx = Sx.

Proof. Suppose that X is not Tj. Then, there exists @ € X such that X \ {a}
is not open. Thus, there exists b € X \ {a} such that for every ¢ > 0,
a € Bj.x(b,e). In other words, we have that |la — b|x = 0. Thus, we have
that a — b # 0 and ||a — b|x = 0. It follows that ||[b — a|x # 0. Let us set
= ||bb—;;|x' Then, we have that e € Sx and || — e|x = 0. Hence, Sy #+ Sx.

Conversely, suppose that Sx # Sx and let e € Sx be such that || —elx =0.
This implies that the singleton {0} is not closed in X. Hence, X isnot 7y. O

e

Proposition 2. Let (X, || -|) be an asymmetric normed space. Suppose that
c¢(X) > 0. Then, X is a Ty space (equivalently, Sx = Sx ). Moreover, we
have

—— = sup |-z = sup (—p,x).
o(X)  zesy lz|=L.[[pl,=1:(—p.z)>0

Therefore, we have that

—a)(inf || —z)=1
(sup || —=|)( inf || -2f)=1,

TESX
and so ¢(X) € [0,1].

Proof. Let x € X such that ||z| # 0, then M7 € Sx and ||ﬁ| >ce(X)>0. It
follows that || — x| # 0. Equivalently, || — 2| = 0= ||z| =0 and so = 0. It
follows that SX = Sx and so X is a T} space. On the other hand,

).

. From this, we have that

VzGX,(xESX@EZESX,x:—ﬁ

xT
|—x
| - 2| () ! .

SU.p — X = Sup = 7 = .
TESx zESx H -z lanESx || - Z| C(X>

Now, by the Hahn-Banach theorem (see [11, Corollary 2.2.4]), we have

Indeed, it sufices to take z = —1

sup || — [ = sup sup (p,—x) = sup (=p, z).
llz[=1 llz]=1 llpls=1 llz|=1,lIpl,=1;{~p,2)>0
O
Proposition 3. Let (X, | |x) and (Y, - |y) be asymmetric normed spaces.

Suppose that ¢(X) > 0. Then, we have the following formulas:
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1
1) | <||—z| < x|, Vo e X,
( c(X)|z] < — | (X)H B
(2) c(X)llzlls < llzf <flzlls, Vo e X,
1

XTI, < || =T, < —|T TeL(X,Y),
3) (X . < | LC_C(X)II Lo, VT € Le(X,Y)
and,
(4) 1Tz, < [Tz, VT € L(X,Y).

(
Consequently, we have that (X, || -
metric normed space and (L.

c(Le(X,Y)) 2 e(X).

)
Xl ) = (X [l lls), (Be(X,Y), [[+1.) is asym-
(XY - [e0) = (L(Xs, Yo), |l - llz,). Moreover,
Proof. Formula (1) follows easily from Proposition 2, the rest of the assertions
are simple consequences of this formula. O

The above proposition says that if ¢(X) > 0, then (X, || - |x) and (X, || - ||s)
(and also (L.(X,Y), || |z.) and (L(Xs, Ys), ||-1l2.)) are topologically the same.
In this case, the topology of the asymmetric spaces coincides with the topology
of normed spaces.

Remark 1. We proved in Proposition 2 that if ¢(X) > 0, then Sx = Sx. The
converse of this fact is not true in general, see for instance Example 2.

4. THE MAIN RESULTS

This section is devoted to the main results Theorem 1, Theorem 2, Corol-
lary 1 and their consequences.

Let (X, |- |x) and (Y, |- |y) be asymmetric normed spaces. For each r > 0,
denote

By, (0,r) :={T € L(X,Y) : |T|r. <7}

and

Br.(0,7) :={T € L.(X,Y) : |T|.. <r}.
Recall that (Y, || - |y) is called a biBanach asymmetric normed space, if its
associated normed space (Y, ] - ||s) is a Banach space. In this case, the space

(L(Xs,Ys), || - |z.) is also a Banach space. We need the following lemma.

Lemma 1. Let (X,] - |x) be an asymmetric normed space and (Y, || - |y) be
an asymmetric normed biBanach space. Let r > 0, then Br_(0,r) is a closed
subset of the Banach space (L (XS,Y) I “1lz.) and the open ball Br_(0,r) is
dense in Br,(0,7) for the norm || -
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Proof. Let (T,) be a sequence in By,_(0,r) that converges to 7' € L(Xj,Ys)
for the norm || - ||, and let us prove that T' € B_(0,r). Indeed, for all n € N
and all x € X, we have

IT@)ly < (T =Ta) @)y + [Tulz)ly
< AT =Tallell2lls + 1Tl llx]x
< AT =Talle.ll2lls +rllzlx.

Sending n to 400, we get that | T(z)]y < rllz|x, for all z € X. It follows
that T € By, (0,r) which implies that By (0,7) is a closed subset of the
space (L(Xs,Ys),| - |z.). To see that Br_(0,r) is dense in By, (0,r) for the

norm | - ||z, let T € By (0,7) and consider the sequence T, = (1 — )T
so that || Th|z., < (1 —2)r < r. Then, T, € B (0,r) for all n € N and
IT = Tallz, = Z1T], = 0. 0
Remark 2. Since Br,(0,7) is a closed subset of (L(X,,Ys),|| - |z.), then
(B.(0,7),] - |lz.) is a complete metric space and so the Baire cathegory the-
orem applies. However, we dont know if the whole space (L.(X,Y), || - ||z.) is
a Baire space. In general it is not closed in (L(Xs, Ys), ||-||z.) (see Corollary 6

in the case where (Y, - |y) = (R, || - [r))-

4.1. The first main result and consequences. Our first main result is
the following theorem, which gives a necessary and sufficient condition so
that L.(X,Y) is not a vector space under the assumption that Y is not a Ty
space. This frame corresponds to the case where ¢(X) = 0, and it is this case
that makes the theory of asymmetric normed spaces interesting.

Remark 3. (i) Note that our work in this paper is of interest even in the
case where (Y, - |y) = (R,| - |[r) and the goal is primarily to characterize
asymmetric normed spaces X for which X? is a vector space. This seems to
be non-trivial without the help of the Baire category theorem.

(i4) Let (X, ||-]x) and (Y,]| - |y) be asymmetric normed spaces. In general,
the convex cone X’ not embedds in L.(X,Y). However, if we assume that
there exists e € Y such that ||e[y =1 and || — e|]y = 0 (that is Y is not a T}
space, see Proposition 1) then, for every p € X* we have that pe € L.(X,Y)
and ||pe|r, = ||p|y, where pe : x — (p, z)e. This is due to the fact that, for each
z € X, ||p(x)ely = p(z) if p(x) > 0 and ||p(z)ely = 0 if p(x) < 0. In other
words, the convex cone (X”,|| -|,) embedds isometricaly in (L.(X,Y), ] -|z.),
whenever Y is not a 17 space. This remark will be used in the proof of
Theorem 1.

Theorem 1. Let (X, ||-|x) be asymmetric normed space. Then, the following
assertions are equivalent.

(i) ¢(X) = 0.
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(i¢) For every biBanach asymmetric normed space (Y, || - |y) for which there
exists e €Y such that |lely =1 and || — ely =0 (that is, Y is not a Ty
space) and every H € L.(X,Y) and every r > 0, the set

GH)={T¢e FLC(O’T) c=(H+T) ¢ Le(X,Y)},

is a G dense subset of (Br.(0,7), ||-|z.). In particular, L.(X,Y) is not
a vector space for every biBanach asymmetric normed space (Y, || - |y)
which is not a T space.

(#i7) There exists an asymmetric normed space (Y, ||-|y) such that the convex
cone L.(X,Y) is not a vector space.

Proof. First, let us note that we can assume without loss of generality that
r=1.

(i) = (1) For each k € N, let us set

Or :={T € B, (0,1)| Bz € X) || — (H+T)(zp)|ly > kllzs|x}-

Clearly, we have that NgenOx = G(H). By the Baire theorem, G(H) will be a
Gs dense subset of (B, (0,1),]-||z,) whenever, for each k € N, the set Oy, is
open and dense in the complete metric space (Br,(0,1),]| - ||z.) (see Lemma
1).

Let us prove that Oy is open in (Br,(0,1),] - ||z.), for each k € N. Let
T € O and 0 < ¢ < I=HEEDEy kowlx 16t g ¢ By (0,1) such that

lzxlls

IS —T||L., <e. We have that
| = (H+S)ze)ly = [ = (H+T)(xr)ly — 15— T)(z)ly
= = H+T)()ly = [I(S = T) ()5
2 = H+T)(xr)ly = 1S = Tlelzrlls
> |l = (H+T)(zw)ly —ellzlls
> kl|ok|x-

Thus, S € O, for every S € By, (0,1) such that ||S — 7|z, < . Hence, O is
open i (B1,(0,1), - [1.). -

Now, let us prove that Oy, is dense in (B (0,1),] - ||z,), for each k € N.
Since (Br.(0,1),|-]|z.) is dense in (Br_(0,1), | -||z.) (by Lemma 1), it suffices
to prove that Oy is dense in (Br_(0,1),] - |lz.)- Let T € B _(0,1) and
0 <e < 1—|T|g,. Since ¢(X) = 0, there exists a sequence (a,) C X
such that |lap|x = 1for alln € Nand || — an|x — 0. Let us set I := {n €
N: || — an|x = 0}. Recall that since ||e]ly = 1 and || — e|]y = 0, we have that
lpelr. = |Ip|, for every p € X°, where pe : x — (p,z)e (see Remark 3 (i7)).
We have two cases:

Case 1. I = (). In this case, for all n € N, let z, := H:aanlx' We see that
lznlx =1, —2z, = ”_‘;—"‘X and || — zp|x = m Using the Hahn-Banach



INDEX OF SYMMETRY OF ASYMMETRIC NORMED SPACE 9
theorem [11, Theorem 2.2.2], for each n € N, there exists p, € X such that
lpnls = 1 and (p,, —2n) = || — 2zn|x > 0. Now, consider the operators

T+epne: (X ]l-|x) = Yill-Iv)
z = T(x)+epn,x)e.

Thus, we have, [|T+eppe|r. < |T|r.+ellpnelr. = [IT]o.+elpnls = T
1, so that T'+ epne € By, (0,1) C B, (0,1). On the other hand,

L.te<

= (H+T+epne)(za)ly = [(H+T+epne)(=2n)ly
lepn(=zn)ely = [(H +T)(zn)ly

= el = zalx — [I(H +T)(zn)ly
= [(H+T)(z)ly
| —an|x
e

v

—-|H+T

L.-

I = anlx
Since || — an|x — 0, when n — 400, there exists a subsequence (a,, ) such
that ﬁ —||H+T|L, > k for each k € N. Hence, for each k € N, we have
"k
that ||zn,|x = 1 and
(5) | = (H+T+epne)(zn)ly > k=Fklzn|x.
From formula (5), we have that T + ep,, e € Ok. Since,
(T +epne) = Tllr, = llepnsellr, = ellpnll« < ellpnils = e,

it follows that Oy, is dense in (B (0,1),] - |l£.)-

Case 2. I # (). In this case, there exists ng € I such that |ja,,|x = 1
and || — an,|x = 0. Using the Hahn-Banach theorem [11, Theorem 2.2.2], let
p € X”\ {0} such that ||p|, = 1 and (p,an,) = |lan,|x = 1. Thus, we have
that

| = (H +T +epe)(—an,)|y I(=H =T = epe)(—an, )|y

> lel=p; —any)ely = | = (H + T)(an, ) Iy
= elps ano)ely = |(H + T)(=an,)ly
> e~ H+Tlr. = anolx

9
> 0=k — an,lx-

On the other hand, we have that |T" + epe|r, < ||T|z. + ¢llpelr, = |T|c. +
elply = |T|e. +€ < 1, so that T + epe € Br_(0,1) C B (0,1). Thus,
T +epe € Oy, and ||(T + epe) — Tz, = llevellr. = ¢llpll« < €llp], = €. Hence,
Oy, is dense in (Br,(0,1), ]| - ||.)-
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H_ence, in both cases, we have that NgenOr = G(H) is a Gs dense subset
of (Br.(0,1), || - [|z.)-

(i1) = (#i1) is trivial.

(i41) = (i) Suppose that there exists an asymmetric normed space Y
such that the convex cone L.(X,Y) is not a vector space. Then, there exists
T € L.(X,Y)\ {0}, such that —T ¢ L.(X,Y). Thus, for each n € N, there
exists z, € X such that || — T'(z,)|y > n||zn|x. It follows that, for all n € N

nllznlx <[ =T(@a)ly = [T(=zn)ly <T[Lll = 2alx.
Let us set z, = = (since || — n|x # 0) for all n € N. Then, for all
n € N\ {0}, we have |[z|x = 1, || = 2| = fl22h < = 5 0. Hence,
c¢(X)=0. O

Remark 4. Tt does not seem obvious to show part (i) = (4i%) directly without
using the Baire theorem, in other words, without passing through part (i) =
(7i). In fact the real difficulty is even in one dimensional, that is, to proof the
following implication

(X)=0=PpecX’ st —p& X’

A consequence of Theorem 1, under the condition that Y is not a T3 space,
is: Lo(X,Y) is not a vector space if and only if ¢(X) = 0. Note that the
condition that Y is not a 7T) space implies trivially that ¢(Y) = 0. The
converse is not true in general (for example if YV is the space (I°(N*), | - |o0)
in Example 2 below). However, these two conditions are equivalent when Y
is of finite dimensional.

Lemma 2. Let (Y, ||-|v) be an asymmetric normed space of finite dimensional.
Then, c¢(Y) =0 if and only if Y is not a Ty space.

Proof. Recall from Proposition 1 that Y is not a T3 space if and only if there
exists e € Y such that ||e]ly =1 and || —e|y = 0. The 7if” part is clear. Let us
prove the ”only if” part. Suppose that ¢(Y") = 0, thus there exists a sequence
(yn) C Y such that |ly,]y = 1for alln € Nand || —yn|y — 0. We can assume
without loss of generality that || — y,|y < 1 for all n € N so that we have
lynlls = lynly = 1 for all n € N. Since (Y, || -||5) is of finite dimensional, there
exists a subsequence (y,, ) converging for, the associated norm || - ||, to some
e € Y such that |le]|s = 1. We show that || — e|y = 0. Indeed,

I =ely <llyn, —ely + | = ynily < lyn, —ells + | = ynily = 0.
Thus, || — e|ly = 0 and |le]y = ||e|ls = 1. Hence, Y is not a T} space. O

Thus, we obtain in the following result a complete characterization so that
L.(X,Y) is a vector space, in the case where Y is of finite dimensional.
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Corollary 1. Let (X,| - |x) be an asymmetric normed space and (Y, || - |y)
be an asymmetric normed space of finite dimensional. Then, L.(X,Y) is not
a vector space if and only if ¢(X) = ¢(Y) = 0. The "only if part” is always
true ,even if Y is of infinite dimensional.

Proof. To see the "only if” part, we follow the proof of part (iii) = (i) of
Theorem 1. Indeed, suppose that L.(X,Y) is not a vector space. Then, there
exists T € L.(X,Y) \ {0}, such that —T ¢ L.(X,Y). Thus, for each n € N,
there exists x,, € X such that || — T'(x,)|y > nl|zn|x. It follows that, for all
neN

nllzalx < =T(@u)ly = IT(=zn)ly <] )l —znlx.
Let us set z, = y=2¢ (since | — xn|x # 0) for all n € N. Then, for all n €
N\ {0}, we have [[za]x =1, || = 2u| = 22k < Il — 0. Hence, c(X) = 0.

It remains to shows that ¢(Y) = 0. Indeed, since T' € L.(X,Y) \ {0}, then
IT(zn)ly < IT|L.]1%n]x. Thus, using the above inequality, we get that

1T

T (z)ly < =2

—T(xn)]y-

This implies in particular that || —T'(x,)|y # 0 for all n € N\ {0}. Let us set

Yn = % €Y. Then we have that ||y,|y = 1 for all n € N\ {0} and

| = ynly < 22— 0. Hence ¢(Y) = 0.

The ”if” part will follow from Theorem 1 provided that the condition
¢(Y) = 0 implies that there exists e € Y such that |e|]y =1 and || — e|y = 0.
This is true since Y is of finite dimensional (necessarilly a biBanach space),
by Lemma 2. O

Remark 5. Combining Theorem 1 and the ”only if part” of Corollary 1 we
have that for every asymmetric normed spaces (X, |- |x) and (Y, || - |y) (with
Y biBanach):

e(X)=0and Yisnot T} = L.(X,Y) # —L.(X,Y) = ¢(X) =¢(Y) = 0.

By Corollary 1 and Lemma 2, the reverse implications are also true when the
space Y is of finite dimensional. We show in the following two examples that
the reverse implications are in general false when Y is of infinite dimensional.
The authors are grateful to the referee for having communicated to them the
following example 1 (i).

Ezample 1. (i) Let X = R? and let the asymmetric norm

(21, 22)|x = max{|z1], 23 },

where r§ = max{y;,0}. Clearly ¢(X) = 0. Let (Y,||-|y') be any T} space with

¢(Y) = 0 (such space exists, see for example the biBanach space (Y, || - |y) =
(1°(N*),]|*|o0) in Example 2 below). Then, we have that ¢(X) = ¢(Y) = 0 but
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L.(X,Y) is a vector space. Indeed, let T € L.(X,Y). There exists e1,es € Y
such that T'(z1,x2) = x1€1 + zaeg for all (x1,22) € X. Thus,

170, =Dy = || = e2ly < [Tz [[(0, =1)|x = 0.

Since Y is a Ty space, we have that e = 0. Thus, T(z1,22) = x1e; for all
(x1,22) € X. So, we have that for all (x1,22) € X

| =T (@1, z2)ly = || —zrerly <lallleals <lleallsll (21, z2) | x-
This shows that —T € L.(X,Y’). Hence, L.(X,Y) is a vector space.
(i1) Let (X, - |x) be an asymmetric normed space such that X is a Ty

space with ¢(X) =0 (for example (X, | - |x) = (I*°(N*), || - |oo) in Example 2
below). Then, the identity map I € L.(X,X) but —I ¢ L.(X,X). Indeed,
since ¢(X) = 0 and X is a T3 space, then there exists a sequence (x,) C X

such that ||lz,|x = 1foralln € Nand 0 < || —an[x — 0. Let e, := 7=, s0
H_Hle(:‘”"/)ly = ”_Iln‘y — +00. Thus, L.(X, X) is not a vector space, ¢(X) =0

but X is a T space.

In the following result we give a density result for the asymmetric norm
- ILe-

Corollary 2. Let (X, ||-|x) be asymmetric normed space with ¢(X) =0 and
(Y, |l-1y) be a biBanach asymmetric normed space for which there existse € Y
such that |lely =1 and || — ely = 0. Then, the set of elements H € L.(X,Y)
such that —H ¢ L.(X,Y) is dense in L.(X,Y) for the asymmetric norm

- Ir.-

Proof. Using Theorem 1 with 7 = ¢ for every ¢ > 0, we get that for every
H € L.(X,Y), there exists T € Br,_(0,¢), such that —(H +T) & L.(X,Y),
however H + T € L.(X,Y). O

Ezample 2. Let X = [°°(N*) equipped with the asymmetric norm |||« defined
by

[#oc = sup [[#n|1 < [|[|oo,
neN* "

where for each t € R and each n € N*, ||t|r =t if t > 0 and |t|r = —L if
t < 0. Then, clearly Sy = Sy since [Z]oo =0 <= || — Z|oo = 0 <=z = 0.
Thus, (X, | - |e) is a 71 asymmetric normed space. On the other hand, for

eachn € N*, we have |en|oo = 1 and || — €, |0 = %, Where (ey,) is the canonical
basis of ¢o(N*). Tt follows that ¢(I°°(N*)) = 0 and so, the set

{p € (I(N*))” such that —p ¢ (I°(N*))’}

is dense in (1°°(N*))” for the asymmetric norm || - |, (see Corollary 2).



INDEX OF SYMMETRY OF ASYMMETRIC NORMED SPACE 13

Using Theorem 1 and Proposition 3, we give in the following corollary a
complete characterization for the convex cone L.(X,Y") to be a vector space.
The non trivial part of the following corollary is the implication (v) = (i),
which is a consequence of Theorem 1. Note also that thanks to Proposition 3,
we do not need to assume that Y is biBanach space (for which there exists

e € Y such that |le]y =1 and || — e]y = 0) in the following corollary, since
this condition used in Theorem 1 is implicitly verified for the space (R, || - |r)
in part (v).
Corollary 3. Let (X,| - |x) be an asymmetric normed space. Then, the
following assertions are equivalent.

(i) ¢(X) > 0.

(i1) (X, -|x) is isomorphic to its associated normed space.

(iit) For every asymmetric normed space (Y,|| - |y), we have that L.(X,Y)
is an asymmetric normed space isomorphic to the space L(Xs,Ys).
(iv) (X°,|| - |») is an asymmetric normed space isomorphic to the Banach
space (X, || - [+)-
(v) X" is a vector space.

The following result shows that if an asymmetric normed space X is a dual
of some asymmetric normed space, then necessarily it is isomorphic to its
associated normed space, in other words ¢(X) > 0.

Corollary 4. Let (X, -|) be an asymmetric normed space and suppose that
¢(X)=0. Then, X can not be the dual of an asymmetric normed space. The
converse is false in general (ex. the Banach space X = (co(N), || - ||oo), s not
a dual space but ¢(X)=1).

Proof. Suppose that there exists an asymmetric normed space Y such that
(Y |- 1,) = (X, ]| -]). We prove that ¢(Y') = 0. Indeed, suppose by contra-
diction that ¢(Y") > 0, then by formula (3) of Proposition 3 (applied with the
spaces (Y, || - |y) and (R, || - |r)), we have that

1
cWlplly <l =ph < =5

c(Y)
This implies that ¢(X) > ¢(Y) > 0, which contradict the fact that ¢(X) = 0.
Hence, ¢(Y) = 0. Now, using Theorem 1, we get that Y is not a vector space
which contradict the fact that X = Y is a vector space. Finally, X cannot
be the dual of an asymmetric normed space. O

Iplly, VP EY’ =X.

Corollary 5. Let X be an asymmetric normed space and (Y,| - |y) be a
biBanach asymmetric normed space for which there exists e € Y such that
llely =1 and || — ely = 0. Then, either

L(X,)Y)N(—L(X,Y)) = L(X,Y) ~ L(X,,Ys)
or Lo(X,Y)N (—L(X,Y)) is of first Baire category in (L(Xs,Ys), || - |

L.)-
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Proof. If ¢(X) > 0, then by Corollary 3, we have that L.(X,Y) is an asym-
metric normed space isomorphic to L(Xs,Ys), thus we have that

L(X,Y)N(—L(X,Y)) = L.(X,Y) ~ L(X,,Ys).
Otherwise, we have that ¢(X) = 0. In this case, to see that L.(X,Y) N
(—L.(X,Y)) is of first Baire category in the space (L(Xs,Ys),| - |lL.), it
suffices to observe, using Theorem 1 with H = 0 and r = 1, that we have
Le(X,Y) N (=Le(X,Y)) = U{n(BL.(0,1)\ G(0)) : n € N},

so that, it is of first Baire category in (L(X,,Ys), | - |lr.), being the countable
union of first Baire category sets. O
4.2. The second main result. Now, we give our second main result. We
are interested in the following result, concerning the density of the dual X”

in X*. By X0 , we denote the weak-star closure of X° in (X*,w*).

Theorem 2. Let (X, || -]) be an asymmetric normed space. Then, X is a Ty

space if and only if X = x>

Proof. Assume that X is a T space. Suppose by contradiction that X0 #*
X* and fix p € X*\ X By the classical Hahn-Banach theorem in the
Hausdorff locally convex vector space (X*,w*), there exists xo € X \ {0} and
a € R, such that

(6) (p,z0) > a > {q,x0), for all ¢ € X0

Since X is Ty space and xy # 0, we have that ||zg] > 0. Now, using [11,
Theorem 2.2.2], there exists go € X° such that ||qo|, = 1 and {(qo,z0) = ||ol.

Since X”  X?" s a convex cone, we obtain using (6) that for all n € N,
(p,z0) > o = (nqo, wo) = nl|zo|.

This implies that ||zo| = 0 which is impossible. Hence, X" = X*. Con-

versely, suppose that X = X*. We need to show that ||z| > 0 whenever
x # 0. Indeed, let z # 0. By the Hahn-Banach theorem (in X*), there exists
p € X* such that ||p]l« = 1 and (p,x) = ||z|ls > 0. On the other hand,

pE X = X*, thus, for every € > 0, there exists ¢ € X° such that

(e, ) + > (p,x) = ||zs.

Suppose by contradiction that ||| = 0. It follows that for every ¢ > 0,
(ge,x) < |lgelyllz| = 0. So using the above formula, we get that ||z||s < &
for every € > 0 which implies that z = 0 and gives a contradiction. Hence,
||[z| > 0 for every = # 0, which implies that X is a Ty space. a
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Remark 6. Following the same arguments as in the above proof, we get that
in general span(Xb)w = X* (even if X is not a T7 space).

We know from [8, Theorem 4.] (see also [11, Proposition 2.4.2.]) that
B,(0,1) is always weak-star closed in (X*,w*) (in fact, weak-star compact).
On the other hand, B, (0, 1) is always norm closed in (X*, || -||+) (see Lemma
1). These results are not always true for the whole space X”, when ¢(X) = 0.
We have the following characterization.

Corollary 6. Let (X,||-|) be a Ty asymmetric normed space. Then, X°
is weak-star closed in (X*,w*) if and only if, ¢(X) > 0 if and only if X is
isomorphic to its associated normed space.

Proof. 1f ¢(X) = 0, by Theorem 1 we know that X* # —X”. Tt follows that

X" # X* and so by Theorem 2, X? # X? = X*. Equivalently, X* = X? |,
implies that ¢(X) > 0. Conversely, ¢(X) > 0 is equivalent to the fact that
X" is isomorphic to X* by Corollary 3 and so it is in particular is weak-star
closed in (X*,w*). O

The space X° (where X = (1°(N*), ||z|s0) given is Example 2) is not weak-
star closed in (X*, w*).

Remark 7. Note that, if we assume that X* is a reflexive space, then we can
replace the w*-closure by the || - ||«-closure. This follows from the well-known
Mazur’s theorem on the coincidence of weak and norm topologies on convex

v e =l
sets (see [4]), so we have that X* = X = X" | since weak-star and
weak topologies coincide in reflexive spaces.

4.3. Classification and examples. There are several topological studies of
asymmetric normed spaces, see for instance [1], [11] and [13]. Our study leads
to the classification given in Definition 1 and the commentary which follows
it (see introduction). Recall that the two possible situations which go beyond
the classical framework of normed spaces are:

(7) Infinite dimensional spaces which are T} with ¢(X) = 0 (spaces of
type II).
(74) Finite and infinite dimensional spaces X which are not T; (spaces of
type III, necessarily ¢(X) = 0).
These affirmations are consequences of Corollary 3, Proposition 4 and The-
orem 3. Let (X,| -|) be an asymmetric normed linear space endowed with
the topology 7. induced by the quasi-metric defined by

dj(z,y) = |ly — z|,Vz,y € X.
The closed unit ball Bj.|, (0,1) is the set {y € X : [|y| < 1}.
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A set K C X is said to be compact if it is compact considered as a subspace
of X with the induced topology, that is, (K, || - |) is compact with respect to
the topology ulIe A set K of X is compact if every sequence in K has a
convergent subsequence whose limit is in K.

The following proposition shows that a finite dimensional asymmetric nor-
med space can never be of type II.

Proposition 4. Let (X, ||-|x) be an asymmetric normed space. Suppose that
X is of type II. Then, the closed unit balls me (0,1) and EII‘IIS (0,1) of X and
its associated mormed space respectively, are mot compact, and consequently,
X is infinite dimensional.

Proof. From the definition of spaces of type II, there exists a sequence (x,,) C
X such that ||zp|x =1 for alln € Nand 0 < || — z,|x — 0. We can assume
without loss of generality that 0 < || — z,|x < 1 so that ||z,||s = ||zn]x =1
for all n € N. Suppose by contradiction that Bj., (0,1) is compact. Let (zy,,)
be a subsequence converging for || - |x to some a € X.Then,

| = alx <llzn, —alx + [ = @n,|x =0,

which implies that || — a|x = 0. Since X is a T space, then a = 0. This
contradict the fact that ||x,, — alx = ||Zn,|x = ||Zn,]ls = 1 for each k € N.
Hence, the sequence (z,,) has no convergent subsequence neither for || - | x nor
for || - || (since || - [x < || - [|s). Thus, the closed unit balls By, (0,1) and
B).1,(0,1) are not compact. In particular X is of infinite dimentional.

The following theorem shows that a 7} space of finite dimension is nec-
essarily isomorphic to its associated normed space, or equivalently, it is of

type L

Theorem 3. Let (X, || -|x) be an asymmetric normed space of finite dimen-
sion. Then, X is Ty if and only if X is of type I, if and only if X is isomorphic
to its associated normed space.

Proof. Suppose that X is 77, then, X is not of type III. Since, spaces of type
IT are infinite dimensional by Proposition 4, it follows that X, is of type I.
Hence, equivalently, by Corollary 3, X is isomorphic to its associated normed
space. The converse is trivial. O

We recover the result of Garcia-Raffi in [7, Theorem 13.] in the following
corollary.

Corollary 7. The closed unit ball of a Ty asymmetric normed space X 1is

compact, if and only if it is finite dimensional.

Proof. Suppose that X is finite dimensional. Since X is 77, then by Theorem
3, X is isomorphic to its associated normed space. Thus, the closed unit ball
of (X,| - |x) is compact. Conversely, suppose that the closed unit ball of
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(X, || - |x) is compact. Then, by Proposition 4, X is not of type II. Since, X
is Ty, then X is of type I and so (X, || - |x) is isomorphic to (X, || - ||s) (by
Corollary 3), which is finite dimentional by Riesz’s theorem, since its closed
unit ball is compact. O

We give below examples corresponding to spaces of type I, IT and III.

Example 3. Finite dimensional space of type III: Case where Sx =0 and
¢(X) =0. Let X =R and ||¢|g := max{0,¢} for all t € R. Then, (R,| - |r)
is an asymmetric normed space with Sx = @ and (X”,|| - |,) is not a vector
space.

Example 4. Infinite dimensional space of type III: Case where () # Sx C Sx
and ¢(X) = 0. Let X = Cy[—1, 1] the space of all continuous functions from
[-1,1] to R such that f(0) = 0. We define on X the following asymmetric
norm
[fl:= sup f(z)<|fllc =max{|f], |- fI}-
z€[—1,1]

It is easy to see that SX £ (), SX # Sx and ¢(X) = 0. Let us denote
by 6, : X — R the evaluation map associated to z € [—1,1] defined by
62(f) = f(z) for all f € X. Clearly, 0, € X” and ||6,], = 1 for all 2 € [-1,1].
However, —6, ¢ X”, for all z € [~1,1]\ {0}. Tt follows that X" is not a vector
space.

Ezample 5. Space of type II: Case where Sx = Sx and ¢(X) = 0. The space
(I°(N*), ||z|o0) given is Example 2 is a space of type II.

Ezample 6. Space of type I: Case where 0 < ¢(X) < 1. Let (X,] -|) be an
asymmetric normed space. Define a new asymmetric norm on X as follows:
lz]1 = ||z] + ||z||s, where ||z||s = max{||z|, || — z|}, for all 2 € X. Then, the
index of symmetry ¢(X, || - |1) of X for the asymmetric norm || - |1, satisfies
0 < ¢e(X,||-]1) < 1. First, we see that ¢(X,|| - |1) < 1 since || - |; is not
a norm. Suppose that ¢(X,| - |1) = 0, there exists (x,) C X such that
|zn| + |zn]ls =1 for all n € N and || — 2| + || — 2n||s — 0. This implies that
|Znlls = || = Znlls = 0. Since ||zn| < ||n||s, it follows that ||, + ||z.||s — O,
which is a contradiction. Recall that, in every asymmetric normed space, the
condition ¢(X) > 0 implies that Sx = Sy (see Proposition 2). The dual of
(X, |- 1) is a vector space by Corollary 3.
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